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A Systematic Method for Calculating Volumes of Polyhedra
Corresponding to Brillouin Zones*
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In problems involving the interpretation of crystal structures of metals and intermetallic com.
pounds, the volumes of '‘polyhedra (in wave-number space) corresponding to Brillouin zones, defined
by crystallographic forms or groups of forms with large X-ray structure factors, are frequently
calculated in order to ascertain how well the polyhedra accommodate the quantum states of as-
sumed numbers of valence electrons per unit cell. This procedure depends upon a long-established
apparent analogy between Brillouin zone stabilization and diffraction of the slow-moving valence
electrons by the crystallographic planes corresponding to these forms, and upon the reasonable
assumption that the structure factors for the diffraction of these slow electrons bear essentially the
same qualitative relationships to one another as the structure factors for fast electrons or X-rays do.
While the geometrical problems involved in calculating the volume of and number of quantum states
contained in such a polyhedron are relatively simple when but one form is involved, the polyhedra
corresponding to more than one form frequently truncate one another and the computation of the
volume of the minimum truncated polyhedron for several forms is rather complicated. Methods for
systematizing and simplifying these geometrical problems have been worked out, and are described
here for the convenience of workers faced with the determination of the shapes and volumes of
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such polyhedra.

Introduction

In the study of the valences of metal atoms in crystals
of certain metals and intermetallic compounds in this
Laboratory, the necessity arose for calculating the
volumes enclosed in wave-number space by polyhedra,
simple and truncated (Pauling & Ewing, 1948). In this
particular application the polyhedra are specified by
the Miller indices of the forms which define them.
Sometimes an effective polyhedron is bounded by
planes corresponding to only one crystallographic
form, but more often the polyhedron is the result of
mutual truncation of polyhedra generated by two or
more effective forms. Given the Miller indices of a
number of forms with large structure factors, the
geometric problem arises of determining among which
forms, if any, truncation takes place; of determining
the shapes of the resulting truncated or non-truncated
polyhedra; and of computing the volumes of the
polyhedra. A considerable saving in computational
time over methods heretofore used has been obtained
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in the present work by the application of analytical
geometry and by the systematization of the computa-
tions. Criteria have been formulated for classifying
truncated polyhedra, and formulae have been derived
for the calculation of the volumes of polyhedra of
several types. The results of this approach to the
problem are summarized here in the belief that further
opportunities are likely to arise for their use in the
theoretical treatment of metals and intermetallic
compounds, and perhaps also in problems of other
kinds.

The discussion here will be restricted to polyhedra
that are everywhere convex (i.e. have no re-entrant
angles); the smallest polyhedron that is bounded by
the forms under consideration will be the only one
treated. Moreover, since Friedel’s law may be expected
to hold in at least a reasonable approximation for slow
electrons, only centrosymmetric polyhedra will be
treated.

Theory

The reciprocal-lattice point in wave-number space
corresponding to a set of erystallographic planes with
Miller indices (hkl) is at the terminus of the vector

hy, = ha* +kb* +Ic* 1y

where a*, b¥*, and c* are the reciprocal-lattice vectors

It is well known from the work of Brillouin (1930
a, b, c, 1931, 1932, 1933a,b, 1936, 1946) and others
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{(Seitz, 1940) that the energy eigenvalue ¢, correspond-
ing to a one-electron eigenfunction yy(r) representing
a plane wave of wave number k travelling in a lattice-
periodic potential function, deviates in general more
and more from the °‘free-electron’ eigenvalue &g
(corresponding to a constant potential) the closer the
terminus of the vector k comes to a plane defined by
the equation

(k—3huy) - hyy =0, 2)

and that when the terminus of k lies on such a plane
& is in general double valued, so that g is a discon-
tinuous function of k along any path that crosses such
a plane.

The plane in wave-number space that corresponds
to equation (2) is the one that perpendicularly bisects
the reciprocal-lattice vector h,,. It will be seen that
this plane is also the locus of the centers of all possible
Ewald spheres of reflection which correspond to
crystallographic reflection from the (k%) planes in the
crystal (of the order implied by_the given Akl). The
physical situation may therefore be described approxi-
mately as diffraction of the travelling electron wave
by the crystal lattice.

The plane described by equation (2) in wave-number
space is parallel to the plane (Rkl) in real space. It
therefore appears convenient to describe it in terms
of axes that are parallel to the real crystallographic
axes and proportional to them in length, with a factor
of proportionality that takes into account the different
dimensionality. The planes in wave-number (recipro-
cal) space that correspond to the form {hkl} describe
a polyhedron which, aside from dimensionality
factors, is geometrically similar to the polyhedron
described in real space by all the planes in the form.

The apparent analogy with X-ray diffraction has
led to the prediction (Jones, 1934a, b) that in gener-
al the energy discontinuity at the plane described by
equation (2) will be large when the X-ray structure
factor |F,| is large, and small when |F,;| is small.
In other words, the assumption is made that the
energy discontinuity for a given plane is a function of
the structure factor for the slow-moving electrons in
the metal, and that the structure factors for slow
electrons bear essentially the same qualitative rela-
tionships to each other as the structure factors for fast
electrons or X-rays do. Hence the Brillouin polyhedra
in which we are interested are those that correspond
to forms with large X-ray structure factors.

If we take the Born-v.Karmén periodic boundary
conditions, it is seen that (aside from spin) the density
of quantum states in wave-number space (k-space)
is one per volume 1/V,, where V, is the volume, in
real space, of the super-unit-cell defined by these
boundary conditions. (For practical purposes, V, can
be taken as the volume of the crystal.) One reciprocal
cell (reciprocal, that is, with respect to the crystallo-
graphic unit cell) in k-space therefore has a capacity
of one quantum state per crystallographic unit cell,
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or, if we include spin, two states per unit cell. Hence
we shall find it convenient to take the reciprocal cell
as the unit of volume in k-space for all of our work. In
terms of this unit, the number N of quantum states
per crystallographic unit cell, including spin, that are
contained inside a polyhedron is numerically equal to
twice the volume ¥V of that polyhedron, and the
number of states in the entire crystal that are contained
in the polyhedron is equal to N multiplied by the
number of crystallographic unit cells in the crystal.

The geometrical method of calculating volumes to
be here described consists in dividing the surface of
the polyhedron into plane triangles, evaluating the
coordinates #;, y;, and z; of the vertices 7 of the
triangles with respect to a convenient coordinate
system, and then calculating the volume of each tetra-
hedron defined by the origin of coordinates (which is
taken at the center of the polyhedron and hence at
the origin of k-space) and the corresponding 7th plane
triangle. The volume of the polyhedron is the sum of
the volumes of the several tetrahedra.

Let us take a right-handed (not necessarily ortho-
gonal) system of axes z,y,z in Kk-space with basic
vectors §, 1, {. We shall find it convenient to define
these vectors in such a way that they are parallel
respectively to the crystallographic axes a, b, and c,
and proportional to them in length. Hence

k = 2§+yn+2{ (3)
and
k N hl!kl = K(kx"*‘k?]""lz) 3 (4)
where
K =¢§ja=n/b={c. (5)
Equation (2) now becomes
hx+ky+lz = quq , (6)
where g, is defined as
1 1
0= [yl = .
i) 2K| il KdZ, (7)

The quantity d,,, is the Bragg spacing between planes
(kKl) in the crystal. Equation (6) is the equation for a
plane that forms one of the faces of the polyhedron.

Consider a given plane triangle on this face,the
vertices of which are the termini of vectors ki, k,, and
k; which are numbered in such-a way as to form a
right-handed set. The volume of the tetrahedron
corresponding to this face is one sixth of the volume
of the parallelepiped defined by the three vectors,
and hence is

Y %
tkixky Ky =} (75952, (§><n'§)-
T3 Y323

Because of symmetry it will in general be necessary
only to consider one nth of the polyhedron in computing
the volume, where n is the multiplicity of the point
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group of the crystal. Hence we may write for the
volume of the polyhedron

N nK3V}
V-3 T4 ¥
where
Z1; Y15 %14
A;=A(Yy, 25, 3)) = | Zaj Yo 25| - ®)
Z3j Ysj 23

Here V is expressed in terms of the volume of the
reciprocal cell as a unit, and is a pure number equal
to one half the number N of quantum states (including
spin) contained, per unit cell, in the polyhedron.
V, is the volume of the crystallographic unit cell
(axb - ¢). The sum in equation (8) is taken over all
triangles (j) into which the mth part of the poly-
hedron is decomposed. The vertices of each triangle
are taken in such order as to form a right-handed set,
so that all terms in the sum will be positive.

The coordinates of each vertex of the polyhedron
can be obtained by solving simultaneously the three
equations (6) corresponding to the three planes inter-
secting at that vertex.

In each of the point groups Oy, Dy, Dg;, and Dy,
the sector of interest, comprising one nmth of the
polyhedron, is bounded by three mirror planes and
can be defined by three axes x, u, and v formed by the
intersection of these planes two at a time. The z axis
is identical to the x axis of the polyhedron; the » axis
is identical with the y axis in Dy, the line z = 2y
(z = 0) in Dg;, and the line x =y (z = 0) in O, and
D,,; and the v axis is identical with the linez = y =2
in 0, and in the other point groups is the z axis. We
take the sector belonging in the positive octant. In a
polyhedron bounded by one holohedral form only,
the sector of interest contains a single triangular face
(hkl) which does not extend beyond this sector except
in special cases where it may be coplanar with faces
belonging to one or more adjacent sectors. This face
cuts the z axis at a point which we shall refer to by
the number 1, the u axis at 2, and the v axis at 3. If
there are m mutually truncating forms bounding a
truncated polyhedron, the sector will contain m faces,
not necessarily triangular. We shall here present
criteria for the determination of the ways in which as
many as three forms can intersect within this sector.

Where more than one form must be considered, they
will be distinguished from one another by the use of
primes. Here we shall consider the forms {Akl},
{W'E'V'}, {h"k"1"}. The primes will be so assigned that

(10)

where z, is the x coordinate of point 1,z; that of
point 1’, and z{ that of point 1”. Where an equality
exists, e.g. ; = 2y, the primes should be assigned on
the basis of a corresponding inequality in the y,’s; in
the case given we require ¥, < ,, and so on. The

Q;ISx{Sx'{,
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coordinates of the points 1,1’,1", 2, ... may be found
by application of formulae which will be given in the
sections dealing with particular point groups.

An intersection of an unprimed plane with a primed
one and with one of the planes which bounds the sector
of interest gives a point which will be denoted 4, 5, or 6
depending on whether the point lies on the x u plane,
the x v plane, or the u v plane. Where the intersec-
tion involves a primed and a doubly primed plane, it
will be denoted 4’,5’, or 6, and if it involves an
unprimed and a doubly primed plane it will be denoted
by 4*, 5*, or 6*. A mutual intersection of an unprimed,
a singly primed, and a doubly primed plane will be
denoted 7. Coordinates of these points may be deter-
mined simply by the solution of the corresponding set
of simultaneous linear equations (one equation for
each plane, of the form given by equation (6)).

With three forms there are altogether seventeen
general shapes possible (in a given one of the four
point groups under discussion) for the smallest
polyhedron, of which one (No. 1) is bounded by one
non-truncated form, three (Nos.2, 3, and 4) by two
mutually truncating forms, and thirteen (Nos.5-17
inclusive) by three forms each of which truncates
at least one of the other two. For facility in identifica-
tion and calculation a further breakdown into thirty-
six cases has been made on the basis of the thirty-six
possible combinations of inequalities among the
coordinates of the points 2, 2’, 2", 3, 3, and 3". These
cases are presented schematically in Fig. 1. In a few
cases it is convenient to make a further breakdown
on the bagis of the coordinates of points 5, 5", 5",
6,6’, and 6". Special cases (arising from equalities
rather than inequalities in the selective criteria) are
not given separately in Fig. 1, as they present no
problems not covered by the general cases. Dashed
lines denote intersection lines lying or extending out-
side the polyhedron. The particular case in Fig.1
that corresponds to a given selection of three planes
may be found by reference to Table 1.

Cases involving more than three mutually truncating
forms are too complicated to be treated here. When and
if problems arise which require the consideration of
such cases, it should be possible to solve these problems
by taking the forms in various combinations, two or
three at a time, and applying the methods described
here. It may be helpful to point out that whether a
point 2, ¥, 2’ lies inside, on, or outside a plane (hkl)
depends on whether ha'+ky’+12' is less than, equal to,
or greater than ;. A simple means exists for insuring
that a form {A"’k’’I'’} does not truncate a given
polyhedron; this consists in ascertaining that

h”,xi'l’klllyi—"llllzi S qlll (11)

for every vertex 4 in the sector of interest.

For the hemihedral point groups T', Cy, and Cg,
the sector of interest, when defined conveniently with
respect to the crystal axes, is not completely bounded
by mirror planes and consequently contains in general
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4
I7h
Fig. 1. Schematic présentation of thirty-six cases involving as many as three holohedral forms (see Table 1).

(Note added in proof.—In 12a and 124, 2* and 3* should read 2” and 3” respectively.)

two planes of each form, both of which extend outside
the sector of interest. This fact complicates the problem
of determining and classifying the types of truncated
polyhedra and it will be worthwhile to consider here
only cases involving one or two forms.

Rl R Ak

Let the sector of interest be defined by three axes
x,z*, andv. In T, and Oy, the 2* axis is identical
to the y axis; in Cj, it is identical to the line = = y,
z = 0.In T, the v axis is identical to the line x = y = z;
in Cy;, and Cy, it is the z axis. Let the two planes to be
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Table 1. Selection criteria for truncated holohedral polyhedra obtainable with three forms
(pomt groups Oh’ -D4hs Dsh» D2h)

A B
2g < 74 zg < Zg
2, < 74
I { zg < 25 } 1 1
2 < zg
I { dsa } 1 1
zg < 2§
III { % < 7 } 4a 4a
<z
v { = } 4b 4
zg < 2§
25 < 2§ 14a
v { 2 < zg da da
Vi Y < Ys 115 5 1lla
Yo < Ys 4b 14b 4b
I Yo <y S
II Yo <Yy <Y,
111 Ys <Yy <Yy
Iv Ys <Y < Y
\ Yo <Yy Yo
VI Yy < y; <Y

C D E F
2, < zg 2y < 74
7 13b
3a 3b 3a 166 35
3q ! 3b {lg“} 16a 36
a
2 9a 2 106 17d
e 17h a
9b
{ 2 } 2 17a 15a 2
2a 175 2a 10a 17f
8b 12a 8a 6 125
179 2b 17e 15b 2b
A 23 <zy <z2p
B 23 <2y <z
C z, <z3 <z
D 2y <zy <z
E 2, <25 <z
F 2y <2y <z

All cases: z; < z; < z7.

considered for a given form {hkl} be denoted (kkl)
and (k*k*I*); the relations among these indices will
be given in the later sections dealing with individual
point groups. The (hkl) face of the polyhedron is that
which cuts the z axis, while the (A*k*I*) face cuts
the z* axis with an equal intercept. If two forms are
to be considered, let the unprimed one be the one that
cuts the v axis with the smaller intercept; i.e. we
require that

23 < 2. (12)

The points of intersection of the various planes with
each other and with the planes bounding the sector
of interest are

1 : (kkl), x axis

1%:  (h*E*]*), x* axis

1': (B'E'V), x axis

1* . (R¥EXI¥'), x* axis

2 :  (hkl), (R*k*1*), xx* plane

2 (WET), (R*'E*'1*), z* plane
3 . (hkD), (R*E*1*), v axis

4 : (RED), (W'E'T), xz* plane

4% (R*E*I*), (B*E*'1*), xx* plane
5 : (hkl), (R'E'V), zv plane

5% (R*EXI¥), (R*'E*'1*'), x*v plane
7 (RKL), (R*EXI*), (R'E'T)

T¥: (hkL), (R¥EXD*), (R*'E*T*)

8 : (hkl), (WE'V), (R*E*T¥)

8%:  (B*k*I*), (WKL), (B EXT¥)

9 : (hkl), (B*'E*'I*'), xx* plane
9%: (B*k*[*), (R'k'l'), xx* plane

The coordinates of these points can be easily found by
solving the corresponding sets of simultaneous linear
equations (6) defining the intersecting planes.

With two forms there are six general cases, of which
one (No. 1) involves one form only, and five (Nos.
2-6 inclusive) involve the mutual truncation of the
two forms. Two of the latter, No. 5 and No. 6, apply
only to the point group T';. A further breakdown of

Table 2. Selection criteria for'truncated hemihedral
polyhedra obtainable with two. forms (point groups
Ty Can» Cen)

Case
YolTy < Yylzy:
2, < xy:
Y8 < Us 1
Ya < y3r
¥ < Ys 2a
¥ = Y3 5a
z, < 2
z¥ < xf 4a
z} < ag:
zy < =z, 3a
z, < x¥ 6
Yol < Yalwy:
x < gt
z, < xf 1
zf < @y
z, < 7 2b
z, < Ty 5b
x, < 2
Yo < Ya 4
Ys = Ypt
Yo < Y 3b
Yo =< Y 6
All cages: z; < z;
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3

Sea
Fig. 2. Schematic presentation of ten cases involving as many as two hemihedral forms (see Table 2).

the six cases into a total of ten has been found con-
venient. These are shown schematically in Fig. 2, and
criteria for their selection are given in Table 2.

There is some ground for supposing that cases will
rarely be encountered in which the consideration of
the hemihedral cases is necessary; first, because most,
metallic structures are holohedral, and second, because,
if one form in a hemihedral structure constitutes an
effective barrier to the existence of electrons in states
outside it, it is unlikely that the Fermi surface will
deviate so far from spherical shape as to extend
beyond the planes defined by the other form which
with holohedry would be equivalent to the first. When-
ever in a hemihedral structure two forms truncate
which in the corresponding holohedry would be
equivalent to one another and together constitute
a single holohedral form, the corresponding holohedral
case 1 can be used so far as these two forms are
concerned.

Inscribed sphere.—In the event that the Fermi
surface is suspected to be capable of approximate
representation by a sphere inscribed in and tangent
to a polyhedron, the volume of the sphere, in terms
of the unit we have chosen (the volume of the
reciprocal cell), may be calculated by use of the
equation

5b
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3

rathl

2b

N 1
2 a*xb*-c*

—axb- c%‘(qu)w,

7T
V= g Ihhkz|3

(13)

since the radius of such a sphere, tangent to the planes
in the form {Akl}, is }|h;;,|. When a sphere is inscribed
in a polyhedron defined by more than one form, the
form with the smallest value of ¢ is the one which is
tangent to the sphere, and that value of ¢ is the one
that should be used in equation (13).

Cubic system

A convenient choice of axes is

K=12a¢=n=C(=1[2a. (14)
We obtain from equation (7):
q = h*+E2+12 . (15)

Symmetry O, (multiplicity » = 48; for crystals of
point group symmetry 7', O, O,).—The sector of
interest is that subtended by the shaded triangle
in Fig. 3. The volume ‘of a polyhedron in this point

group is
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2(X,%.0)
Plane z=0

Fig. 3. Principal octant of general polyhedron of one form,
symmetry Op.
N
V=g5=234, (16)
]

where the sum is taken over all triangular faces in the
sector of interest. Since the polyhedron is assumed to
be convex, the particular plane of the form {kkl} which
receives the indices (hkl) and occupies the shaded
position in Fig. 3 must be so designated that

h=k=>1>0. (17)
The coordinates of the points shown in Fig. 3 are
T =Q/hay1=z1=0a
=Yy = q/(h+k),2, =0,
T3 =Yy = 25 = q[(h+k+]).

(18)

The volume of a polyhedron bounded by one form
{hkl} is

V =N = zzoy = ¢®/{Mh+k)(R+Ek+1)}.

Cases involving two or three forms may be dealt

with by reference to Fig. 1 and Table 1. In Table 1,

Ya» Yo ?/-z may be replaced by @y, z, 25, and 23, 23, 23
by x4, 24, 23 by virtue of _equations (18). Inequahtles

(19)

containing z, 25, and y, may be replaced by ones in.

Zq, Tz, and z, written the other way around; e.g. for
zg < 25 we may take zg < ;.

As an example, let us consider the polyhedron
corresponding to the strong powder line for which
g = 36 in the y alloys (e.g. Cu;Zng). Here we have two
forms, {600} and {442}, both of which have large
'structure factors and are therefore assumed to give
rise to strong perturbation discontinuities in the
energy. These are already written in conformity with
equation (17), and since 36/6 < 36/4 we take (600) as
the unprimed plane (¢ = 36, z, = 2, = 2; = 6) and
(442) as the primed one (¢’ = 36,z; =9, z, = 9/2,
x; = 18/5). Reference to Table 1 leads us immediately
to case 2a, and the diagram in Fig. 1 reveals that we
require the coordinates of points 4 and 5. The coordi-
nates of pomts 4 and 5 are easily found to be (6, 3, 0)
and (6, 2, 2) by solution of the corresponding sets of
simultaneous linear equations, and we have
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V =N2 =A(1, 4, 5)+A4(2", 5, )+ 42", 3, 5)
[600] [9/29/20] |92 92 0
=630/ +| 6 2 2|+|18/518/518/5
622 6 30 6 2 2

= 36+27+324/5 = 127-8 reciprocal cells.

N = 2556 electrons per cubic unit eell
(cf. Pauling & Ewing, 1948).

Symmetry T, (multiplicity » = 24; for crystals of
point group symmetry 7' and 7T,).—The sector of
interest is that subtended by the shaded area in
Fig. 4.

z

(&‘Xé'xa)

" Fig. 4. Principal octant of general polyhedron of ome form,

symmetry T'p.

The general expression for the volume of a poly-
hedron of this symmetry is

N 1
V=3=334 (20)

For the particular plane of the form which is designated
(hkl), we require that

h>k=>0, h=1>0. (21)
We also find that
=1 k*=h I*=Fk. (22),

The coordinates of the points shown in Fig. 4 are:

z1=Q/h, y1=21=0,

I Ul I ol SN
2Tl Ve T ey 2T 0 (28)
x3=y3=zs=}H_q,c_*__l-

The volume of the polyhedron bounded by one form is.
then

3(2h —k—
V- 3N = ¢ 2h—k—1)

Sh(h+ B+ ) (T %)

Hw yotts+ & 257,) =

For the special case k¥ = I this result reduces to the
result obtained for the volume enclosed by a single
form in symmetry O, (equation (19}), and equations:
(23) reduce to equations (18).
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Polyhedra bounded by two forms may be treated as
described previously with the use of Fig. 2 and Table 2.

Inscribed sphere.—In the cubic system the expres-
sion for the volume of an inscribed sphere becomes
particularly simple:

N =
V=S -Zah (25)
Tetragonal system
‘We find it convenient here to take
K =1/2a% & =n=1/2a, { =¢/[2a%. (26)
Hence
q = h*+ k2 +(a?[c?)l? . 27)

Symmetry D,, (multiplicity » = 16; for crystals of
point group symmetry Cy,, Dag, Dy, and Dy,).—The
sector of interest is that subtended by the shaded
triangle in Fig. 5.

x " 1(x,,0,0) 2(x2,%,,0)
Fig. 5. Principal octant of general polyhedron of one form,
symmetry Djp.

The general expression for the volume of a poly-
hedron of this symmetry is

N 1¢
V=—=§&-2-%‘At.

3 (28)

For the particular plane of the form which is desig-

nated (kkl) we require that
h>k>0 1>0. (29)

The coordinates of the points 1, 2, and 3 shown in
Fig. 5 are

=gy =%=0,

xy =Yy = q/(h+k), 2, =0,

w3 =Y; =0, 25 =gfl.
For a single form the volume of the polyhedron is
N_©&¢ ¢
2 3a?h(h+k)
The treatment of polyhedra bounded by two or

three forms can be.carried out with the aid of Fig.1
ard Table 1.

(30)

V= (31)
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Symmetry C,, (multiplicity n» = 8; for crystals of
point group symmetry C,, S,;, and C,,).—The sector
of interest here is the positive octant shown in
Fig. 6.

» 1x,.00)

Fig. 6. Principal octant of general polyhedron of one form,
symmetry Cyp.

The general expression for the volume of a polyhedron
of this symmetry is

2
yY_1¢54. (32)

2 6at7
For the particular plane in the form to be designated
(hkl) we require that

h=>0,h=1k,1=0. (33)
We also find that
h* = —k, E*=h, I*=1. (34)

The coordinates of the points shown in Fig. 6 are

xy =gqlh, y1=2,=0,

_qk=k) _qhtk)
heke Y2 T prgge 0P T

ZTy=y3=0,2=gqfl.

0, (35)

Lo

The volume of a polyhedron bounded by one form is

N c?
V= 2 6a? (%1Yo23+21257,)
2 ¢
T 3R +EY) .

For cases involving two forms Fig. 2 and Table 2 may
be used.

Inscribed sphere—In the tetragonal system the
volume of the inscribed sphere tangent to the planes
of a form {rki} is

N =

V—§=gaﬁﬁ-

(37)
Hexagonal system

In this system we find it convenient to take hexa-
gonal axes throughout, with
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K =2[3a% & =5 =2[3a, {=2c/3a2. (38)
Hence

g = R+ hk+k2+ (3a2[4cd)l . (39)

For the most part, the designation (hkil), where
t = —h—k, will be abbreviated to (hkI).

Symmetry Dy, (multiplicity = = 24; for crystals of
point group symmetry Dj,, Dg, Cg, and Dg,).—The
sector of interest is that subtended by the shaded area
in Fig. 7.

3(0.0,25)

Fig. 7. Part of general polyhedron of one form, symmetry Dsgp.

The general expression for the volume of a poly-
hedron of this symmetry is

2
N SC—ZZL--

V=5=5a"

(40)
For the particular plane in the form which is designated
(Rhkl) we require that
th>-k=>0,1>0. (41)
The coordinates of the points shown in Fig. 7 are
wy=qlh, yy=2,=0,
_ 2% gy = 2
2h+k’ 7P 2h+k
T3 =y3 =0, z3=¢qfl.
The volume of a polyhedron bounded by one form is
_ N 8¢ 82 g
=2 T 902 Y2 T 9gi joh k)l

=0, (42)

Lo

14 (43)
For cases of truncation involving two or three forms
Fig. 1 and Table 1 can be used.

As an example of the application of these methods
to a hexagonal crystal, let us consider hexagonal
closest packing. The first zqne for a hexagonal crystal
is ordinarily that bounded by {100} and {001}, but in
h.c.p. the latter form is extinguished, and the forms
{101} and {002} may have to be considered.

AC?
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{100}: g =2, =2, =2y, =1, 2, = 0.
{101}: ¢’ = 2; = 2, = 2y, = 2; = 1+3a2/4c?.
{002}: ¢" = 22; = 3a®/c?, 2] = 2} = 2y, = oo.

The axial ratio for an ideal h.c.p. crystal is c/a
= 2)/2/)/3 = 1-633, so that z; = 41/32 and z; = 9/16.
H.c.p. structures found in nature do not deviate from
this axial ratio by more than about 15%, at the most,
and as long as c/a > |/3/2 = 0-866 we see that

Yo < Yo <UYp 23 <2 <23.

Reference to Table 1 shows that the possible cases
are 3b, 7, 13b, and 16b, and application of the given
criteria to the calculated intersection-point coordinates
leads uniquely to case 7:

Point

z ¥ z
1 1 0 0
2 1 3 0
37 0 0 zZ
5 1 0 3z
5 1—3Z 0 z
6 1 3 1Z
6 1—37 H1—12) Z

where Z = z",' = B8a?/2¢2.
We have

3 4; = A(5,1,2)+ A2, 6, 5)+A(5", 5, 6)
' + A6, 6, 5)+A3", 5, 6)
— ZJA+Z[4+(Z[4) (1+2/2)+(Z/4) (1-Z2)4)
+(2[2) (1-2/2)?
~ (32[2)(1-Z[4+2*[24)

Jser(, 3at )
42 8¢ ' 32¢°
N 3a2 3 at
V=3 = iatea ()

(cf. Mott & Jones, 1936).

Since there are two atoms per unit cell, the quantity
given in equation (44)-is equal to the number of eclec-
trons per aftom that can be accommodated in the
polyhedron. For a crystal with the ideal axial ratio
¢/a = 2)/2[)/3 this number is

V = NJ2 = 1787/1024 = 1.745 ,

and for a crystal with the ‘minimum’ axial ratio J/3/2
the number is

V=N/2=4/3=1333.

One might ask if there are not other forms with
low indices, e.g. {210} and {211}, which might truncate
the polyhedron further. For the first, ¢’’’ = 3, and for
the second ¢""' = 3+4Z. If we apply equation (11),
with each of these forms, to each of the vertex points
above listed in turn, we see that the inequality is

17
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gatisfied in all cases, and therefore that these planes
do not truncate the polyhedron.

Symmetry Cg, (multiplicity » = 12; for crystals of
point group symmetry Cj,, Cg and Cg,;).—The sector
of interest ist that subtended by the shaded area in
Fig. 8.

Fig. 8. Part of general polyhedron of one form, symmetry Cgp.

The general expression for volume of a polyhedron
of this symmetry is

(45)
For the particular plane in the form which we designate
as (Rkkl) we require that
h>-k>0,120.
We also find that "
B = —k, k¥ = bk, =1L,

(46)

“47)
The coordinates of the points shown in Fig. 8 are

2, =qfh, y=2,=0,

h q(h+k)
R:+hk+k2" °°  RA+Rk+E ?

Ty =y =0, 23 =¢fl.
For a polyhedron bounded by one form,

=0, (48)

Ly

4 c2 ¢

s = SRR )

Symmetry D, (multiplicity » = 12, for crystals of
point group symmetry D, Cy,, D3;).—The sector of
interest is that subtended by the shaded area in Fig. 9.
It could also be taken as the sector subtended by one
of the faces (i.e. 3, 5, 5*) but in such a case there is
‘likely to be considerable complication in the event of
truncation.

A SYSTEMATIC METHOD FOR CALCULATING VOLUMES OF POLYHEDRA

There are two cases () and (b), depending on which
of the following two criteria can be made to apply to
some plane in the form {hkl}:

(@) $h = k=0, 1 >0;
®)h=k=0,

(50)
(61)

1>0.

Xx=2y
Fig. 9. Part of general polyhedron of one form, symmetry D3q.

Among the planes in the form there must be one for
which one or the other of the two sets of criteria apply.
If only one form is to be considered, one of the cases,
say (@), can always be obtained by an appropriate
choice of axes, but where two or more forms intersect
the distinction must in general be made.

The general expression for volume for this symmetry
is identical with equation (45). The coordinates of the
points shown in Fig. 9 are:

Case (a) Case (b)

z, =q/(h+k), 4y =2, =0
zf =yt =q/(h+k), 2y =0
Zg =Yg =qlh, 23 =0

zy=qhyy=2=0

af =yf =qlh,F =0

xg =y = q/(h+k), 24 =0
o =q/(h+k),y§ =2F =0 af = qlh,yf =2f =0

Either case:
g = 29/(2h+k), y4 = q[(2h+k), 2, =0
Z3=y; =0, 25 =g/l
x5 = 2q/(2h+k), ys = 0, z5 = kq/{l(2h+k)}
a¥ = y¥ = 29/(2h+k), 2¥ = —kq/{l2h+Ek)} (52)
For a polyhedron bounded by a single form
N 16¢2 ¢®

V=3= 9a® I(2h+F)?

(83)

Cases involving intersections of two or more forms are
too involved to be discussed in detail here.
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Symmetry C,; (multiplicity » = 6; for crystals of
point group symmetry C; and Cjy;).—This point group
will not be treated here because polyhedra of this
symmetry are not likely to be encountered more than
rarely in practical work.

Inscribed sphere—In the hexagonal system the
volume of an inscribed sphere is

N 2nc
V=5=732 - (54)
- Orthorhombic system
We shall take
K=1% &=1%a,n=14b, {=1c. (55)
Hence
q = h?[a?+k?[b%4-13/c? . (56)

Symmetry D,;, (multiplicity n = 8; for crystals of
point group symmetry D,, Cy,, D,;).—The sector of
interest is that contained in the positive octant
(x=0,y>0,2>0).

For the plane in the form to be designated (k) we
require that

E>0,k>0,1>0. (57)

The general expression for the volume of a poly-
hedron of this symmetry is
N  a%?c?
The coordinates of the vertices of the sector of
interest are
xy=qlh, y1=2,=0,

(58)

=0,y =qlk, 2,=0,
T3 =y3=0,2=¢[l.
The volume of a polyhedron bounded by one form is
N  a%?%?

V= 5T g il

(59)

_ a?b*¢®

60
6hkl (99)
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For the analysis of polyhedra bounded by two or three
forms, Fig. 1 and Table 1 can be used.

, Inscribed sphere.—In the orthorhombic system, the
volume of an inscribed sphere is

v =N _ e T

2 6 (61)

Monoclinic and triclinic systems

These systems will not be treated here.
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